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LYLH zrunlqj0sdshuv r￿hu lq dgydqfh wkh uhvxowv ri hfrqrplf uhvhdufk xqghu zd| lq
rughu wr hqfrxudjh d glvfxvvlrq surfhvv ehiruh vhqglqj wkhp wr vflhqwl￿f mrxuqdov iru wkhlu
￿qdo sxeolfdwlrq1
- Wkdqnv duh gxh wr Oxlv Frufk￿q/ Ljqdflr Ruwx￿r dqg Mrdtxlp Vloyhvwuh iru khosixo
frpphqwv rq dq hduolhu yhuvlrq ri wklv zrun1 Zh zlvk dovr wr dfnqrzohgjh wkh ￿qdqfldo
vxssruw surylghg e| wkh GJLF\W xqghu surmhfw SE<5036751
-- S1 Kdpprqg= Vwdqirug Xqlyhuvlw|> D1 Yloodu= LYLH dqg Xqlyhuvlw| ri Dolfdqwh1
4YDOXDWLRQ HTXLOLEULXP UHYLVLWHG
Shwhu Kdpprqg dqg Dqwrqlr Yloodu
DEVWUDFW
Wklv sdshu h{whqgv wkh qrwlrq ri ydoxdwlrq htxloleulxp zklfk dssolhv wr
pdunhw hfrqrplhv lqyroylqj wkh fkrlfh ri d sxeolf hqylurqphqw1 Xqolnh vrph
rwkhu uhfhqw zrun/ lw lv dvvxphg khuh wkdw frqvxphuv dqg ￿upv hydoxdwh do0
whuqdwlyh hqylurqphqwv wdnlqj pdunhw sulfhv dv jlyhq +khqfh wklv qrwlrq lv
forvhu wr wkdw ri frpshwlwlyh htxloleuld,1 Lw lv vkrzq wkdw ydoxdwlrq htxloleuld
zlwk edodqfhg wd{ vfkhphv |lhog h!flhqw doorfdwlrqv dqg wkdw h!flhqw door0
fdwlrqv fdq eh ghfhqwudol}hg dv ydoxdwlrq htxloleuld/ zlwk wd{ vfkhphv wkdw
pd| eh xqedodqfhg1
Nh| zrugv= Ydoxdwlrq Htxloleulxp> Qrq0Frqyh{lwlhv> Sxeolf Jrrgv1
54 LQWURGXFWLRQ
Pdunhw hfrqrplhv fdq eh uhjdughg dv froohfwlrqv ri hfrqrplf djhqwv wkdw wdnh
lqglylgxdo ghflvlrqv ryhu wkhlu sulydwh ihdvleoh vhwv1 Olnh exgjhw vhwv lq wkh
Zdoudvldq prgho/ wkhvh vhwv ghshqg rq sulfhv dqg lqfrph iurp sur￿wv1 Exw
wkhuh duh dovr lq xhqfhg e| frqglwlrqlqj yduldeohv wkdw pd| eh ghwhuplqhg
rxwvlgh wkh pdunhw phfkdqlvp1 H{dpsohv ri wkhvh frqglwlrqlqj yduldeohv duh
wkh suhydlolqj vrfldo uxohv +h1j1 odzv/ dqg lq sduwlfxodu wkh dvvljqphqw ri
surshuw| uljkwv,/ wkh surylvlrq ri sxeolf jrrgv e| wkh sxeolf vhfwru +urdgv/
khdowk fduh/ xqhpsor|phqw ehqh￿wv,/ wkh uhjxodwlrq ri hfrqrplf dfwlylwlhv
+wkh suhvhqfh ri txrwdv/ wkh uhjxodwlrq ri txdolw| vwdqgdugv ru oderxu frq0
glwlrqv,/ wkh zrunlqj ri d wd{ v|vwhp/ hwf1 Zh fdq uhihu wr wkh froohfwlrq ri
wkhvh frqglwlrqlqj yduldeohv dv wkh sxeolf hqylurqphqw1 Lw lv zruwk vwuhvvlqj
wkdw wkh frqfhsw ri sxeolf hqylurqphqw doorzv pdq| gl￿huhqw sureohpv wr
eh wuhdwhg zlwklq rqh frpprq vhwwlqj1 Wkh frvw ri wklv jhqhudolw| lv wkdw
olwwoh vwuxfwxuh fdq eh lpsrvhg rq wkh vhw ri sxeolf hqylurqphqwv1 Wkh fklhi
txhvwlrq lv wkh dqdo|vlv ri h!flhqw doorfdwlrqv lq vxfk d iudphzrun1
Pdv0Frohoo*v +4<;3, frqwulexwlrq wr wkh sxuh wkhru| ri sxeolf jrrgv sur0
srvhv wkh qrwlrq ri ydoxdwlrq htxloleuld wr dgguhvv wklv sureohp1 Kh frqvlghuv
dq hfrqrp| lqyroylqj d vlqjoh sulydwh jrrg +wr eh lqwhusuhwhg dv d Klfn0
vldq frpsrvlwh frpprglw|,/ dqg wkh fkrlfh ri d vlqjoh sxeolf surmhfw iurp d
vsdfh zkhuh qr olqhdu vwuxfwxuh lv lpsrvhg1 Wklv htxloleulxp qrwlrq pd| eh
uhjdughg dv dq dssolfdwlrq wr wklv devwudfw iudphzrun ri wkh Olqgdkoldq ds0
surdfk wr wkh surylvlrq ri sxeolf jrrgv1 D ydoxdwlrq htxloleulxp fruuhvsrqgv
wr d xqdqlprxvo| djuhhg fkrlfh ri sxeolf surmhfw/ wkh uroh ri wkh sxeolf vhfwru
ehlqj wr ghvljq d phfkdqlvp wkdw lqgxfhv vxfk dq h!flhqw djuhhphqw1 Lq d
ydoxdwlrq htxloleulxp hyhu| frqvxphu suhihuv khu frqvxpswlrq sodq/ frqvlvw0
lqj ri vrph dprxqw ri wkh sulydwh jrrg dqg d sxeolf surmhfw/ wr dq| rwkhu
zklfk lv d￿rugdeoh jlyhq wkh ydoxdwlrq ixqfwlrq +wr eh lqwhusuhwhg dv wd{
v|vwhp,1 Wdnlqj wkh sulydwh jrrg dv wkh qxp￿udluh/ Pdv0Frohoo vkrzv wkdw
ydoxdwlrq htxloleuld vdwlvi| wkh vwdqgdug surshuwlhv ri frpshwlwlyh htxloleuld1
Odwhu/ Pdv0Frohoo ) Vloyhvwuh +4<;<, lqwurgxfhg wkh frqfhsw ri frvw0vkduh
htxloleulxp zklfk h{whqgv wkh zrun ri Ndqhnr +4<::, dqg Pdv0Frohoo +4<;3,/
wr doorz pdq| sxeolf jrrgv1 Hyhq wkrxjk lq vrph fdvhv wklv prgho doorzv iru
pdq| sulydwh jrrgv/ wkh dxwkruv srlqw rxw wkdw ￿wkh h{whqvlrq wkdw vhhpv wr
xv yhu| gl!fxow lv wr doorz iru surgxfhg lqwhuphgldwh jrrgv1￿ +fi1 s1 588,
^vhh dovr Gldpdqwdudv ) Zlonlh +4<<7,‘1
Doorzlqj vhyhudo sulydwh jrrgv r￿huv d fkrlfh ri krz wr h{whqg wkh qrwlrq
ri ydoxdwlrq htxloleulxp1 Rqh srvvlelolw| lv wr dvvxph wkdw djhqwv hydoxdwh
dowhuqdwlyh dfwlrqv wdnlqj wkh htxloleulxp sulfhv dv jlyhq1 Wkh dowhuqdwlyh lv
wr dvvxph wkdw wkh| frpsxwh wkh qhz sulfhv wkdw zrxog hphujh lq gl￿huhqw
6hqylurqphqwv1 Lq wkh ￿uvw fdvh/ djhqwv frpsduh dowhuqdwlyhv glvuhjduglqj
wkh h￿hfw rq sulfhv wkdw uhvxowv iurp d fkdqjh lq wkh hqylurqphqw +dv lq wkh
vwdqgdug frpshwlwlyh ru Olqgdko htxloleulxp prgho,1 Lq wkh vhfrqg fdvh/ wkh|
duh kljko| vrsklvwlfdwhg dqg deoh wr fdofxodwh wkh vhw ri frqglwlrqdo htxloleuld
dvvrfldwhg zlwk dq dowhuqdwlyh sxeolf hqylurqphqw +dqg wr frruglqdwh rq
zklfk rqh li wkhuh duh vhyhudo,1
Gldpdqwdudv ) Jloohv +4<<9, dqg Kdpprqg ) Yloodu +4<<;, h{whqg Pdv0
Frohoo*v zrun e| wdnlqj wkh vhfrqg dyhqxh1 Wkh| suhvhqw voljkwo| gl￿huhqw
prghov zlwk dq devwudfw vhw ri sxeolf surmhfwv dqg vhyhudo sulydwh frpprgl0
wlhv wkdw pd| eh erwk lqsxwv dqg rxwsxwv1 Wkhlu qrwlrq ri ydoxdwlrq htxloleuld
uhtxluhv djhqwv wr pd{lpl}h wkhlu sd|r￿ ixqfwlrqv wdnlqj lqwr dffrxqw wkh
fkdqjhv lq wkh sulfhv ri sulydwh frpprglwlhv uhvxowlqj iurp fkdqjhv lq wkh
sxeolf hqylurqphqw1 Wkh| vkrz wkdw wkhvh htxloleuld vdwlvi| wkh wzr ixqgd0
phqwdo zhoiduh wkhruhpv1
Wkh sxusrvh ri wklv sdshu lv wr glvfxvv wkh h!flhqf| dqg ghfhqwudol}delo0
lw| ri ydoxdwlrq htxloleuld lq wkh fdvh zkhq sulfhv ri sulydwh frpprglwlhv
duh wuhdwhg dv ￿{hg1 Ehvlghv frpsohwlqj wkh dqdo|vlv/ wkh lqwhuhvw ri wklv
vhfrqg dssurdfk lv wzrirog1 Rq wkh rqh kdqg/ lw doorzv xv wr dqdo|vh wkh
h!flhqf| ri htxloleulxp doorfdwlrqv zlwk ihzhu lqirupdwlrqdo uhtxluhphqwv1
Rq wkh rwkhu kdqg/ lw uhpdlqv forvhu wr wkh qrwlrq ri frpshwlwlyh dqg Olq0
gdko htxloleuld dqg dovr shuplwv vhyhudo prghov wr eh hqfrpsdvvhg zlwklq
rqh frpprq iudphzrun/ dv zloo eh looxvwudwhg odwhu rq1 Wklv grhv qrw phdq
wkdw wkh fdvh ri vrsklvwlfdwhg frqvxphuv lv xqlqwhuhvwlqj1 Rq wkh frqwudu|/ li
wkhuh duh vljql￿fdqw qrqfrqyh{lwlhv lq wkh surylvlrq ri sxeolf jrrgv/ fkdqjhv
lq wkh sxeolf hqylurqphqw pd| lqgxfh vxevwdqwldo fkdqjhv lq wkh sulfhv ri
sulydwh jrrgv wkdw vkrxog qrw eh qhjohfwhg1 Zkdw zh fodlp khuh lv wkdw erwk
srvvlelolwlhv duh zruwk lqyhvwljdwlqj1
Zh frqvlghu dq hfrqrp| zlwk dq devwudfw vhw ~ ri sxeolf hqylurqphqwv
odfnlqj dq| irupdo vwuxfwxuh1 Djhqwv* fkrlfh vhwv dqg sd|r￿ ixqfwlrqv duh
gh￿qhg frqglwlrqdo rq wkh sxeolf hqylurqphqw lq vxfk d zd| wkdw/ iru hdfk
jlyhq 3 lq ~c wkhuh lv d vwdqgdug frqyh{ hfrqrp| lq wkh vxevsdfh ri sulydwh
frpprglwlhv1 Djhqwv* fkrlfhv duh dovr d￿hfwhg e| d wd{ v|vwhp wkdw prgl￿hv
qhw sur￿wv dqg exgjhw vhwv ghshqglqj rq wkh sxeolf hqylurqphqw1 D ydox0
dwlrq htxloleulxp lv gh￿qhg dv d sxeolf hqylurqphqw/ d ihdvleoh doorfdwlrq/
d sulfh yhfwru dqg d wd{ v|vwhp vxfk wkdw= +d, Hyhu| frqvxphu suhihuv khu
frqvxpswlrq exqgoh dqg wkh sxeolf hqylurqphqw wr dq| rwkhu zklfk lv di0
irugdeoh jlyhq wkh htxloleulxp sulfhv dqg wkh wd{ v|vwhp> +e, Ilupv* sur￿wv
duh pd{lpl}hg ryhu wkhlu surgxfwlrq vhwv> dqg +f, Wkh djjuhjdwh qhw wd{hv
+l1h1 wd{hv ohvv vxevlglhv ru hqylurqphqwdo fkdujhv, dgg xs wr }hur1
Rxu pdlq ￿qglqjv duh dv iroorzv=
7+l, D ydoxdwlrq htxloleulxp lv Sduhwr rswlpdo +surylghg wkh wd{ v|vwhp lv
edodqfhg,1
+ll, Hyhu| Sduhwr rswlpdo doorfdwlrq fdq eh ghfhqwudol}hg dv d +frpshq0
vdwhg, ydoxdwlrq htxloleulxp1
+lll, Hyhu| ydoxdwlrq htxloleulxp |lhogv d fruh doorfdwlrq/ surylghg wkh wd{
v|vwhp grhv qrw doorz iru lqwhufrdolwlrqdo wudqvihuv1
Wkh uhvw ri wkh sdshu surfhhgv dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh prgho
+lqfoxglqj wkh htxloleulxp qrwlrq dqg wkh dvvxpswlrqv,1 Vhfwlrq 6 frqwdlqv
wkh uhvxowv1 Vhfwlrq 7 surylghv vrph h{dpsohv ri vwdqgdug hfrqrplf sureohpv
wkdw fdq eh frqvlghuhg dv sduwlfxodu lqvwdqfhv ri ydoxdwlrq htxloleuld1
5 WKH PRGHO
Frqvlghu dq hfrqrp| zlwk ￿ sulydwh frpprglwlhv1 Wkh yhfwru / 5 U￿ uhsuh0
vhqwv wkh djjuhjdwh lqlwldo hqgrzphqwv ri sulydwh jrrgv1 Wkhuh lv dq devwudfw
vhw ~ zkrvh phpehuv duh yhfwruv ri wkrvh yduldeohv gh￿qlqj wkh sxeolf hq0
ylurqphqw1 Hdfk djhqw*v ihdvleoh vhw dqg sd|r￿ ixqfwlrq pd| eh d￿hfwhg
e| wkh ydoxhv wdnhq e| wkhvh yhfwruv 3 5 ~￿ Qr sduwlfxodu vwuxfwxuh zloo eh
srvwxodwhg rq wkh vhw ~￿ Zh dvvxph wkdw wkhuh lv vrph nlqg ri sxeolf djhqf|
ru sxeolf vhfwru wkdw fdq ghwhuplqh wkhvh yduldeohv dqg2ru d￿hfw frqvxphuv*
exgjhw vhwv dqg ￿upv* sur￿w ixqfwlrqv yld wd{hv dqg vxevlglhv1 Hyhq wkrxjk
wkh wd{ v|vwhp lwvhoi fdq eh wkrxjkw ri dv sduw ri wkh sxeolf hqylurqphqw/
zh ￿qg lw pruh frqyhqlhqw wr wuhdw wkhvh yduldeohv vhsdudwho|1 Iru wkh vdnh
ri jhqhudolw|/ djhqwv* ihdvleoh vhwv zloo eh gh￿qhg dv vxevhwv ri U￿ ￿~ +zkhuh
U￿ vwdqgv iru wkh frpprglw| vsdfh dqg ~ iru wkh sxeolf hqylurqphqw vsdfh,/
hyhq wkrxjk wkh| pd| dfwxdoo| eh lqghshqghqw ri pdq| ri wkh yduldeohv lq
~￿ Ds r l q wT 5 U￿
n lv d sulfh yhfwru uhodwlyh wr sulydwh frpprglwlhv1
Wkhuh duh ? ￿upv lq wkh hfrqrp|1 Ohw t￿ ￿ U￿ ￿ ~ eh wkh ￿wk ￿up*v
surgxfwlrq vhw/ dqg ghqrwh e| t￿E3￿ wkh ￿wk ￿up*v frqglwlrqdo surgxfwlrq vhw
zkhq wkh hqylurqphqw yduldeohv wdnh wkh ydoxh 3 5 ~￿ Wkdw lv/
t￿E3￿G ’i)￿ 5 U￿ * E)￿c3￿ 5 t￿j
I r uh d f k￿ u p￿ ’￿ c2c￿￿￿c?c wkh pdsslqj j￿ G U￿
n ￿~ $ U lv dvvxphg wr
uhsuhvhqw wkh qhw vxevlg| wklv ￿up uhfhlyhv +ru/ li qhjdwlyh/ sd|v dv wd{hv,/ dv d
ixqfwlrq ri suhydlolqj sulfhv dqg wkh ydoxh ri wkh hqylurqphqw yduldeohv1 Wkxv
iru hdfk jlyhq ETc3￿ lq U￿
n￿~c wkh ￿wk ￿up*v frqglwlrqdo sur￿wv duh jlyhq e|
Z￿ETc3￿ ’ t￿TiT)￿ n j￿ETc3￿ * )￿ 5 t￿E3￿j￿ Lq htxloleulxp wklv vxsuhpxp
vkrxog eh dwwdlqhg1 Wklv lpsolhv wkdw/ iru hdfk jlyhq ETc3￿ lq U￿
n￿~c wkh ￿wk
￿up vhohfwv d surgxfwlrq sodq )￿ETc3￿ wkdw pd{lpl}hv +frqglwlrqdo, sur￿wv1
8Wkhuh duh 6 frqvxphuv1 Wkh ￿wk frqvxphu lv fkdudfwhul}hg e| wkh froohf0
wlrq df￿c￿￿c/￿cEw￿￿￿oc zkhuh f￿ ￿ U￿ ￿ ~c ￿￿ G f￿ $ Uc /￿ 5 U￿ ghqrwh wkh
frqvxpswlrq vhw/ xwlolw| ixqfwlrq dqg lqlwldo hqgrzphqwv/ uhvshfwlyho|/ dqg
w￿￿ vwdqgv iru wkh ￿wk frqvxphu*v vkduh lq wkh ￿wk ￿up*v sur￿wv1 E| gh￿qlwlrq/
f ￿ w￿￿ ￿ ￿c dqg
S?
￿’￿ w￿￿ ’￿ c iru doo ￿c￿￿ Iru d jlyhq srlqw 3 5 ~ wkh ￿wk
frqvxphu*v frqglwlrqdo frqvxpswlrq vhw lv jlyhq e|=
f￿E3￿’i ￿ 5 U￿ * E ￿c3￿ 5 f￿j￿
Hylghqwo|/ d suhihuhqfh rughulqj lv lqgxfhg rq hdfk ri wkhvh frqglwlrqdo
vhwv/ zklfk fdq eh ghvfulehg e| d frqglwlrqdo xwlolw| ixqfwlrq ￿5
￿ G f￿E3￿ $ U
jlyhq e| ￿5
￿E ￿￿’￿￿E ￿c3￿￿
D pdsslqj ￿￿ G U￿
n ￿ ~ $Uc iru ￿ ’￿ c2c￿￿￿c6c ghvfulehv wkh ￿wk frq0
vxphu*v +qhw, wd{ pdsslqj1 Jlyhq d sdlu ETc3￿ 5 U￿
n￿~c wkh ￿wk frqvxphu*v




r￿|￿  ￿ 5 f￿E3￿




Frqvlghu qrz wkh iroorzlqj gh￿qlwlrqv1 Wkh ￿uvw pdnhv suhflvh wkh qrwlrq
ri d wd{ v|vwhp/ zkhuhdv wkh vhfrqg vshfl￿hv d uhohydqw uhvwulfwlrq=
Gh￿qlwlrq 4 D wd{ v|vwhp lv d froohfwlrq ri pdsslqjv A ’d E j￿￿?
￿’￿cE￿￿￿6
￿’￿oc
zkhuh hdfk j￿ dqg ￿￿ lv d ixqfwlrq iurp U￿
n ￿ ~ lqwr Uc dqg vxfk wkdw iru
hyhu| sdlu ETc3￿ 5 U￿












D wd{ v|vwhp lv d froohfwlrq ri ixqfwlrqv iurp U￿
n ￿ ~ lqwr U vxfk wkdw
djjuhjdwh vxevlglhv gr qrw h{fhhg djjuhjdwh wd{hv1 Wklv dprxqwv wr vd|lqj
wkdw wkh hfrqrp| lv ￿qdqfldoo| yldeoh lq wkh vhqvh wkdw wkh wd{ v|vwhp fdqqrw
uho| rq uhvrxufhv iurp rxwvlgh1 Qrwh wkdw wklv gh￿qlwlrq lv yhu| jhqhudo dv lw
fdq ghshqg rq pdq| yduldeohv dsduw iurp sulydwh lqfrph dqg jurvv sur￿wv1
D wd{ v|vwhp lv edodqfhg zkhqhyhu djjuhjdwh wd{hv htxdo djjuhjdwh vxevlglhv
+h1j1 d frvw0vkduh v|vwhp,1 Lq sduwlfxodu/ wkh fdvh ri j￿ETc3￿’￿￿ETc3￿’f
iru doo ￿c￿c hdfk ETc3￿ lq U￿
n ￿ ~ frqvwlwxwhv d +ghjhqhudwh, edodqfhg wd{
v|vwhp1 Qrwh wkdw edodqfhgqhvv hqvxuhv wkdw Zdoudv Odz Td
S6
￿’￿ ￿ETc3￿ ￿ S6
￿’￿/￿ ￿
S?
￿’￿ )￿ETc3￿o ’ f krogv/ surylghg frqvxphuv duh qrw vdwldwhg1
Wkh iroorzlqj gh￿qhv wkh htxloleulxp qrwlrq +zklfk lv uhplqlvfhqw ri wkh
prghuq yhuvlrq ri Olqgdko*v htxloleulxp,=
9Gh￿qlwlrq 6 D ydoxdwlrq htxloleulxp lv d sulfh yhfwru TW lq U￿
nc dq hq0







d wd{ v|vwhp A W vxfk wkdw=
+l, Iru doo ￿ ’￿ c2c￿￿￿c6c E W
￿c3W￿ pd{lpl}hv ￿￿ ryhu wkh vhw ri srlqwv
E ￿c3￿ lq f￿ wkdw vdwlvi| TW ￿ ￿ TW/￿ n
S?
￿’￿ w￿￿Z￿ETWc3W￿ n ￿￿ETWc3￿￿
+ll, Iru doo ￿ ’￿ c2c￿￿￿c?c TW)W
















Wkdw lv/ d ydoxdwlrq htxloleulxp lv d sulfh yhfwru/ d wd{ v|vwhp dqg d
ihdvleoh doorfdwlrq vxfk wkdw qr djhqw ￿qgv lw lqglylgxdoo| ehqh￿fldo wr fkrrvh
dq dowhuqdwlyh doorfdwlrq wkdw lv d￿rugdeoh dw jlyhq sulfhv1 Qrwh wkdw zh
dvvxph wkdw hyhu| frqvxphu frpsxwhv khu exgjhw e| wdnlqj sulfhv ri sulydwh
frpprglwlhv dqg ￿upv* sur￿wv dv jlyhq +vkh rqo| doorzv iru fkdqjhv lq wkh
sxeolf hqylurqphqw wkurxjk wkh h￿hfw rq khu rzq wd{hv,14 Dovr revhuyh
wkdw/ e| gh￿qlwlrq/ djjuhjdwh wd{hv htxdo djjuhjdwh vxevlglhv lq htxloleulxp1
Lqghhg/ lq vrph fdvhv wkh wd{ v|vwhp pd| eh wkrxjkw ri dv dq lqfhqwlyh
vfkhph wkdw vxvwdlqv wkh htxloleulxp hqylurqphqw/ vr wkdw zh fdq slfwxuh wkh
vlwxdwlrq dv djhqwv fkrrvlqj wkh hqylurqphqw dqg wkh sxeolf vhfwru fkrrvlqj
wkh lqfhqwlyh vfkhph1
Zkhq xwlolw| pd{lpl}dwlrq lv uhod{hg wr h{shqglwxuh plqlpl}dwlrq rqh
jhwv wkh vwdqgdug qrwlrq ri frpshqvdwhg htxloleulxp/ zklfk zloo eh xvhg lq
rughu wr glvfxvv wkh vhfrqg zhoiduh wkhruhp1
Gh￿qlwlrq 7 D frpshqvdwhg ydoxdwlrq htxloleulxp lv gh￿qhg olnh d ydo0
xdwlrq htxloleulxp h{fhsw wkdw frqglwlrq +l, lv uhsodfhg e|=




dqg TW ￿ ￿ TW/￿ n
S?
￿’￿ w￿￿Z￿ETWc3W￿ n ￿￿ETWc3￿ zkhqhyhu E ￿c3￿ 5 f￿ zlwk
￿￿E ￿c3￿ ￿ ￿￿E W
￿c3W￿￿
6 PDLQ UHVXOWV
Wkh ￿uvw pdlq uhvxow vd|v wkdw d ydoxdwlrq htxloleulxp lv Sduhwr rswlpdo/
surylghg wkh wd{ v|vwhp lv edodqfhg1 Wkh vhfrqg hvwdeolvkhv wkdw dq| Sduhwr
h!flhqw doorfdwlrq fdq eh ghfhqwudol}hg dv d ydoxdwlrq htxloleulxp1 Ilqdoo|/
lw zloo eh vkrzq wkdw d ydoxdwlrq htxloleulxp lv lq wkh fruh/ surylghg wkdw
lqwhu0frdolwlrqdo wudqvihuv duh h{foxghg1
4Lw fdq eh hdvlo| vkrzq wkdw wkh uhvxowv lq vhfwlrq 6 uhpdlq ydolg li zh frqvlghu wkdw frq0
vxphuv duh pruh vrsklvwlfdwhg/ dqg fdq dovr frpsxwh wkh h￿hfw rq wkhlu exgjhw frqvwudlqw
ri fkdqjhv lq ￿up*v sur￿wv1
:Wkhruhp 4 Ohw dTWcE W
￿￿cE)W
￿￿c3WcAWo eh d ydoxdwlrq htxloleulxp/ dqg vxs0
srvh wkdw frqvxphuv duh orfdoo| qrq0vdwldwhg1 Li AW lv d edodqfhg wd{ v|vwhp




￿￿c3WcAWo eh d ydoxdwlrq htxloleulxp/ dqg vxssrvh wkdw
dE ￿￿cE)￿￿c3o wrjhwkhu vdwlvi|  ￿ 5 f￿E3￿ dqg ￿￿E ￿c3￿ ￿ ￿￿E W
￿c3W￿ iru doo ￿c
zlwk vwulfw lqhtxdolw| iru dw ohdvw rqh djhqw/ dqg )￿ 5 t￿E3￿1 Wkhq orfdo
























































￿’￿ TW ￿ : TW/n
S?
￿’￿ TW)￿c zklfk lpsolhv wkdw dE ￿￿cE)￿￿c3o fdqqrw
eh d ihdvleoh doorfdwlrq vdwlvi|lqj
S6
￿’￿  ￿ ￿ / n
S?
￿’￿)￿￿ Lw iroorzv wkdw qr
ihdvleoh doorfdwlrq fdq eh Sduhwr vxshulru1
Revhuyh wkdw dq doorfdwlrq pd| idlo wr eh rswlpdo li zh gurs edodqfhgqhvv1
Lqghhg lw lv hdv| wr surgxfh d wd{ v|vwhp wkdw lqgxfhv d zdvwh ri uhvrxufhv
lq htxloleulxp dqg dq hyhq juhdwhu zdvwh rxw ri htxloleulxp +h1j1/ wkh wd{
v|vwhp uhzdugv d ￿up zklfk ghvwur|v sduw ri wkh lqlwldo hqgrzphqwv,1
Uhpdun 4 Lw iroorzv iurp wklv wkhruhp wkdw/ lq d ydoxdwlrq htxloleulxp/ wkh
wd{ v|vwhp fdqqrw eh duelwudu| rqfh zh sxw vrph vwuxfwxuh rq wkh vhw ~￿
Wklv lv ehfdxvh/ ehvlghv edodqfhgqhvv/ wkh ￿uvw0rughu qhfhvvdu| frqglwlrqv iru
h!flhqf| pxvw eh vdwlv￿hg lq htxloleulxp1 Lqirupdoo|/ rqh fdq vd| wkdw frq0
vxphuv* wd{hv vkrxog eh htxlydohqw wr d qrq0olqhdu v|vwhp ri Olqgdko sulfhv1
Lq rughu wr rewdlq wkh vhfrqg zhoiduh wkhruhp iru wklv prgho zh qhhg
wkuhh dvvxpswlrqv=
Dvvxpswlrq 4 Iru hyhu| ￿ ’ ￿c2c￿￿￿c6dqg hyhu| 3 5 ~ G
+l, f￿E3￿ lv d qrq0hpsw|/ forvhg dqg frqyh{ vxevhw ri U￿(
+ll, ￿5
￿ G f￿E3￿ $ U lv frqwlqxrxv/ txdvl0frqfdyh/ dqg vdwlv￿hv orfdo
qrq0vdwldwlrq1
;Dvvxpswlrq 5 Iru hyhu| ￿ ’ ￿c2c￿￿￿c6 dqg hdfk 3 5 ~c wkh vhw t￿E3￿ lv forvhg dqg
frqyh{ lq U￿c zlwk t￿E3￿ _ U￿
n ’ ifjc dqg t￿E3￿ ￿ U￿
n ￿ t￿E3￿￿
Dvvxpswlrqv 4 dqg 5 hvvhqwldoo| vd| wkdw/ iru dq| jlyhq ydoxh ri wkh sxeolf
hqylurqphqw/ wkh uhvxowlqj frqglwlrqdo hfrqrp| lv vwdqgdug +h{fhsw lq wkdw
zh gr qrw lpsrvh erxqghg frqvxpswlrq vhwv khuh,1 Qrwh wkdw wklv lv frp0
sdwleoh zlwk wkh suhvhqfh ri qrq0frqyh{lwlhv +dq h{dpsoh zloo eh glvfxvvhg
odwhu,1 Wkh| dovr doorz sxeolf jrrgv wr d￿hfw erwk surgxfwlrq dqg frqvxps0
wlrq srvvlelolwlhv1
Revhuyh wkdw wkhvh dvvxpswlrqv lqyroyh qr uhvwulfwlrq rq wkh vhw ~ zkrvh
phpehuv pd| wkhuhiruh frqwdlq doo nlqg ri yduldeohv1
Zh fdq suryh qrz=
Wkhruhp 5 Xqghu dvvxpswlrqv 4 dqg 5/ ohw dE W
￿￿cE)W
￿￿c3Wo eh d Sduhwr rs0
wlpdo doorfdwlrq1 Wkhq/ wkhuh h{lvw d sulfh yhfwru TW 5 U￿
n ￿i fj dqg d wd{
v|vwhp AW vxfk wkdw dTWcE W
￿￿cE)W
￿￿c3WcAWo lv d frpshqvdwhg ydoxdwlrq htxlole0
ulxp1
Surri1
Wdnh 3W dv jlyhq dqg dsso| wkh vwdqgdug vhfrqg zhoiduh wkhruhp wr wkh
doorfdwlrq dE W
￿￿cE)W
￿￿o lq wkh uhvxowlqj frqyh{ frqglwlrqdo hfrqrp|1 Wklv
wkhruhp hqvxuhv wkh h{lvwhqfh ri d sulfh yhfwru TW 5 U￿
n ￿ ifj vxfk wkdw
dTWcE W
￿￿cE)W
￿￿o lv d frpshwlwlyh htxloleulxp uhodwlyh wr wkh frqglwlrqdo hfrq0
rp| uhvxowlqj iurp 3W￿ Lw zloo eh vkrzq wkdw dTWcE W
￿￿cE)W
￿￿c3WcAWo l vdy d o x 0
dwlrq htxloleulxp iru d wd{ v|vwhp A W￿ Wklv uhtxluhv fkhfnlqj sduwv +l,/ +ll,
dqg +ly, ri gh￿qlwlrq 6/ sduw +lll, ehlqj vdwlv￿hg e| frqvwuxfwlrq1
Gh￿qh
j￿ET





Qrwh wkdw j￿ETWc3W￿’fehfdxvh Z￿ETWc3W￿ ’ TW)W

























vr wkdw sduw +ll, ri wkh gh￿qlwlrq lv vdwlv￿hg1
Wdnlqj TWcE W
￿c3W￿ dv jlyhq/ gh￿qh wkh frpshqvdwlrq ixqfwlrq=
.￿E3￿G ’￿ ? uiT




Wklv lv wkh lqfrph wkdw lqglylgxdo ￿ qhhgv wr vshqg rq sulydwh jrrgv lq rughu
wr eh qr zruvh r￿ wkdq dw E W
￿c3W￿c zkhq wkh hqylurqphqw fkdqjhv wr 3 dqg
sulfhv duh TW￿ Qrz ohw
￿￿ET




<E| frqvwuxfwlrq/ wkhvh j￿c￿￿ frqvwlwxwh d wd{ v|vwhp/ zlwk j￿ETWc3W￿ ’
￿￿ETWc3W￿ ’f c iru doo ￿c￿￿Lq sduwlfxodu/ sduw +ly, ri wkh gh￿qlwlrq lv vdwlv￿hg1
Ilqdoo|/ wdnh d frqvxphu ￿ dqg d frqvxpswlrq sodq E ￿c3￿ 5 f￿ vxfk wkdw
￿￿E ￿c3￿ ￿ ￿￿E W
￿c3W￿￿ Wkhq/ TW ￿ ￿ ￿￿ETWc3￿ ￿ TW ￿ n TW W
￿ ￿ .￿E3￿ ￿ TW W
￿c
zklfk lpsolhv wkdw=5





Wkxv sduw +l*, ri wkh gh￿qlwlrq ri frpshqvdwhg ydoxdwlrq htxloleulxp lv
dovr vdwlv￿hg dqg wkh surri lv frpsohwh1
Wkhruhp 5 whoov xv wkdw dq| h!flhqw doorfdwlrq fdq eh ghfhqwudol}hg dv
d frpshqvdwhg ydoxdwlrq htxloleulxp1 Lw dovr whoov xv wkdw d frpshqvdwhg
ydoxdwlrq htxloleulxp zlwk wudqvihuv h{lvwv/ surylghg wkdw wkhuh lv dw ohdvw
rqh Sduhwr h!flhqw doorfdwlrq1
Revhuyh wkdw wkh wd{ v|vwhp kdv ehhq jlyhq dq h{solflw irup/ zklfk kdv
dq hdv| dqg vhqvleoh lqwhusuhwdwlrq1 Hdfk j￿ETWc3￿ whoov xv wkh wd{ sdlg e|
wkh ￿wk ￿up li wkh hqylurqphqw fkdqjhv iurp 3W wr 3￿ Lw lv htxdo wr wkh ￿up*v
fkdqjh lq sur￿wv1 Vlploduo|/ hyhu| ￿￿ETWc3￿ vshfl￿hv wkh qhw dprxqw wkdw wkh
￿wk frqvxphu zloo kdyh wr sd|/ li wkh hqylurqphqw lv fkdqjhg iurp 3W wr 3￿ Lw
lv htxdo wr wkh htxlydohqw yduldwlrq lq wkh vhqvh ri Klfnv1 Pruhryhu/ lw iroorzv
wkdw j￿ETWc3W￿ ’ ￿￿ETWc3W￿ ’f c iru doo ￿c￿￿
Uhpdun 5 D vwdqgdug dujxphqw vkrzv wkdw wkh frpshqvdwhg ydoxdwlrq htxl0
oleulxp ri Wkhruhp 5 lv dovr d ydoxdwlrq htxloleulxp surylghg wkdw/ zkhq0
hyhu E ￿c3￿ 5 f￿ vdwlv￿hv ￿￿E ￿c3￿ :￿ ￿E W
￿c3W￿c wkhuh h{lvwv d fkhdshu srlqw
 ￿ 5 f￿E3￿ iru zklfk TW ￿ ￿. ￿E3￿￿ Wklv fdq eh hqvxuhg e| phdqv ri wkh ￿hv0
vhqwldolw| frqglwlrq￿ wkdw dsshduv lq Pdv0Frohoo +4<;3/ s1 959,/ Pdv0Frohoo
) Vloyhvwuh +4<;</ s1 583,/ ru Gldpdqwdudv ) Jloohv +4<<9/ s1 ;88,1
Rxu odvw uhvxow uhihuv wr wkh fruh/ gh￿qhg dv iroorzv=
Gh￿qlwlrq 8 D ihdvleoh doorfdwlrq dE ￿￿cE)￿￿c3o lv lq wkh fruh li wkhuh lv qr















￿c3￿￿ ￿ ￿￿E ￿c3￿c ; ￿ 5 7c zlwk d vwulfw lqhtxdolw| iru vrph djhqw
lq 7￿
D fruh doorfdwlrq lv wkxv rqh lq zklfk qr frdolwlrq fdq uh0duudqjh wkh
hfrqrp|/ xvlqj lwv rzq uhvrxufhv/ vr wkdw wkh uhvxowlqj doorfdwlrq lv suhihuuhg
5Wkh vfdoduv ￿
￿
lm fruuhvsrqg khuh wr d glvwulexwlrq ri sur￿wv ghwhuplqhg e| wkh vhsdud0
wlrq dujxphqw1
43e| doo lwv phpehuv1 Revhuyh wkdw sur￿w vkduhv duh ehlqj lqwhusuhwhg khuh dv
surgxfwlrq vkduhv +dv xvxdo zkhq srvlwlyh sur￿wv duh srvvleoh,1
Wkh iroorzlqj gh￿qlwlrq khosv fkdudfwhul}h wkh wd{ v|vwhpv zklfk |lhog
ydoxdwlrq htxloleuld lq wkh fruh1
Gh￿qlwlrq 9 Ohw ’W ’ dTWcE W
￿￿cE)W
￿￿c3WcAWo eh d ydoxdwlrq htxloleulxp1 Vd|
wkdw AW vdwlv￿hv wkh qr0wudqvihu frqglwlrq uhodwlyh wr ’W li/ iru dq| frdol0








Wkh qr0wudqvihu frqglwlrq uhodwlyh wr d ydoxdwlrq htxloleulxp ’W whoov xv
wkdw wkh uhvwulfwlrq ri AW ryhu dq| frdolwlrq fruuhvsrqgv wr d edodqfhg wd{
v|vwhp1 Wr xqghuvwdqg ehwwhu wkh h{whqw ri wklv uhtxluhphqw lw lv zruwk
wklqnlqj ri wkh vhw ~ dv frqwdlqlqj doo qrq0hpsw| vxevhwv ri ￿c vr wkdw wkh
wd{ v|vwhp ghshqgv dovr rq wkh frdolwlrq vwuxfwxuh1 Qrwh wkdw zkhq wkhuh duh
qhlwkhu wd{hv qru vxevlglhv wklv frqglwlrq lv dxwrpdwlfdoo| vdwlv￿hg1 Dqrwkhu
fdvh lq zklfk wklv uhtxluhphqw krogv lv zkhq wkh wd{ v|vwhp lv jlyhq e|
￿￿ETc3￿’￿
S?
￿’￿w￿￿j￿ETc3￿ iru doo ￿ +hdfk lqglylgxdo ￿*v qhw wd{ lv htxdo wr
￿*v vkduh ri wkh vxevlglhv sdlg wr wkh surgxfhuv zkrvh vkduhv ￿ krogv,1
Wkh iroorzlqj uhvxow lv rewdlqhg=
Wkhruhp 6 Ohw ’W ’ dTWcE W
￿￿cE)W
￿￿c3WcAWo eh d ydoxdwlrq htxloleulxp1 Vxs0
srvh wkdw frqvxphuv duh orfdoo| qrq0vdwldwhg dqg wkdw A W vdwlv￿hv wkh qr0
wudqvihu frqglwlrq uhodwlyh wr ’W￿ Wkhq/ wkh uhvxowlqj doorfdwlrq lv lq wkh fruh1
Surri1
Iru dq| 7 ￿ ￿c frqvlghu dq| dowhuqdwlyh doorfdwlrq dE ￿
￿￿cE)￿
￿￿c3￿o vdwlvi|0
lqj +l, dqg +ll, ri Gh￿qlwlrq 81 Iurp wkh gh￿qlwlrq ri ydoxdwlrq htxloleulxp









































Iurp +l, deryh lw iroorzv wkdw erwk zhdn lqhtxdolwlhv duh htxdolwlhv1 Khqfh
d￿o dovr krogv zlwk htxdolw| iru doo ￿ 5 7￿Ehfdxvh ’W lv d ydoxdwlrq htxloleulxp/
￿￿E W
￿c3W￿ ￿ ￿￿E ￿
￿c3￿￿ iru doo ￿ 5 7￿ Vr 7 fdqqrw eh d eorfnlqj frdolwlrq1
Khqfh/ wkh uhvxowlqj doorfdwlrq lv lq wkh fruh1
447 VRPH H[DPSOHV
Wklv vhfwlrq suhvhqwv vrph vshfl￿f prghov wkdw fdq eh lqwhusuhwhg dv sdu0
wlfxodu fdvhv ri wkh vhwwlqj lq vhfwlrqv 5 dqg 61 Wklv looxvwudwhv krz rxu
prgho lv  h{leoh hqrxjk wr hqfrpsdvv vhyhudo gl￿huhqw vlwxdwlrqv1 Lqwhuhvw0
lqjo| hqrxjk wkh h{lvwhqfh ri htxloleulxp lv dovr jxdudqwhhg lq doo ri wkhvh
sduwlfxodu fdvhv1
Lq rughu wr idflolwdwh wkh glvfxvvlrq/ ohw xv ghqrwh e| A f wkh +ghjhqhudwh,
edodqfhg wd{ v|vwhp jlyhq e| j￿ETc3￿’￿￿ETc3￿’f c iru doo ￿c￿chyhu| ETc3￿
lq U￿
n ￿ ~￿ Frqvlghu wkh iroorzlqj dvvxpswlrq=
Dvvxpswlrq 6 Iru doo 3 5 ~ rqh kdv=
+l, f￿E3￿ lv erxqghg iurp ehorz>
+ll, /￿ 5 lqwf￿E3￿ +￿ ’￿ c2c￿￿￿c6￿(
+lll, d) 5 vE3￿’
S?
￿’￿t￿E3￿c dqg ) 9’ fo’ ,￿ ) * 5 vE3￿￿
Wklv uhtxluhv hyhu| frqvxphu kdyh erxqghg frqglwlrqdo frqvxpswlrq vhwv
zlwk wkh hqgrzphqw yhfwru lq wkh lqwhuvhfwlrq ri wkhlu lqwhulruv/ dqg wkh
djjuhjdwh surgxfwlrq vhw vdwlvi| wkh luuhyhuvlelolw| k|srwkhvlv1
714 Frpshwlwlyh htxloleulxp
Wkh vlpsohvw lqvwdqfh ri d ydoxdwlrq htxloleulxp lv wkh vwdqgdug frpshwlwlyh
fdvh1 Wr vhh wklv wdnh ~ wr eh d vlqjohwrq +h1j1 3 ghvfulehv wkh dvvljqphqw ri
surshuw| uljkwv ri d sulydwh rzqhuvkls hfrqrp|,/ ohw t￿cf￿ eh ￿{hg frqyh{
vhwv iru doo ￿c￿c dqg ohw A ’ Af1 Wkh uhvxowlqj hfrqrp| lv wkh vwdqgdug sulydwh
rzqhuvkls prgho ri Duurz dqg Gheuhx +4<87,/ dqg hyhu| sulydwh frpshwlwlyh
htxloleulxp fruuhvsrqgv wr d ydoxdwlrq htxloleulxp1 Khqfh/ xqghu dvvxps0
wlrqv 4/ 5 dqg 6 wkhvh htxloleuld h{lvw/ duh lq wkh fruh/ dqg dovr hyhu| Sduhwr
rswlpdo doorfdwlrq fdq eh ghfhqwudol}hg dv d frpshwlwlyh htxloleulxp1
D yduldqw ri wklv prgho lv wkdw lq zklfk h{whuqdolwlhv duh doorzhg ^h1j1/
Gheuhx +4<85,‘1 Lw lv zhoo nqrzq wkdw xqghu vwdqgdug frqglwlrqv d frpshwl0
wlyh htxloleulxp h{lvwv/ wkrxjk lw pd| idlo wr eh Sduhwr rswlpdo1 Rswlpdolw|
fdq krzhyhu eh hqvxuhg li pdunhwv duh frpelqhg zlwk d vxlwdeoh wd{ v|vwhp
+ru d v|vwhp ri shuvrqdol}hg sulfhv,1 Li rqh wdnhv ~ dv wkh vhw ri doorfdwlrqv
dqg pdnhv wkh wd{ v|vwhp htxlydohqw wr d Olqgdko sulfh v|vwhp/ d ydoxdwlrq
htxloleulxp fruuhvsrqgv wr dq h!flhqw pdunhw htxloleulxp1 Lq wklv fdvh rxu
htxloleulxp qrwlrq fruuhvsrqgv wr zkdw Ehujvwurp +4<:3, fdoov d glvwulexwlyh
Olqgdko htxloleulxp1
Dqrwkhu fdvh zruwk phqwlrqlqj lv wkdw ri dq hfrqrp| lq zklfk frp0
prglwlhv fdq eh ri gl￿huhqw txdolwlhv ^vhh iru lqvwdqfh Guº}h dqg Kdjhq
45+4<:;,‘1 Phpehuv ri wkh vhw ~ f d qe hw k r x j k wr id vg l ￿ h u h q wtxdolw| vwdq0
gdugv1 Fkdqjhv lq wkhvh vwdqgdugv zloo w|slfdoo| d￿hfw frqvxphuv* ihdvleoh
vhwv dqg xwlolwlhv/ dv zhoo dv ￿upv* surgxfwlrq srvvlelolwlhv1 Iru dq duelwudu|
3 5 ~c dqg A ’ A fc d sulydwh frpshwlwlyh htxloleulxp lv zhoo gh￿qhg/ dqg
h{lvwv xqghu dvvxpswlrqv 4/ 5 dqg 61 \hw lw pd| eh lqh!flhqw +h1j1/ vrph
frqvxphuv pd| eh zloolqj wr sd| iru kljkhu txdolw|,1 Wkh uhvxowv lq vhf0
wlrq 6 vkrz wkdw dq| h!flhqw doorfdwlrq fdq eh ghfhqwudol}hg dv d ydoxdwlrq
htxloleulxp16
715 Hfrqrplhv zlwk sxeolf jrrgv
Frqvlghu qrz dq hfrqrp| zlwk ￿ sulydwh frpprglwlhv dqg & sxeolf jrrgv1
Wkhuh duh ? ￿ ￿ sulydwh ￿upv dqg d sxeolfo| rzqhg whfkqrorj| +wkh ?wk
￿up, wkdw surgxfhv wkh sxeolf jrrgv xvlqj sulydwh jrrgv dv lqsxwv1 Ohw
~ ’ Et? _ U&
n￿￿U&6
n c zkhuh t? vwdqgv iru wkh sxeolf ￿up/ U&
n iru wkh vsdfh
ri sxeolf jrrgv/ dqg U&6
n iru wkh vsdfh ri shuvrqdol}hg sulfhv1 Khqfh/ d
srlqw 3 ’ Etc^￿ 5 ~ ghvfulehv d yhfwru ri sxeolf jrrgv t 5 U&
n dqg d yhfwru
ri shuvrqdol}hg sulfhv ^ ’ E^
￿c￿￿￿c^6￿c zlwk ^￿ 5 U&
n iru doo ￿1 Wkhuh lv d
pdsslqj U G U￿
n ￿ U&
n$U￿ vxfk wkdw/ iru hdfk jlyhq sdlu ETct￿ lq U￿
n ￿ U&
n
wkh sulydwh jrrgv lqsxw yhfwru U plqlpl}hv wkh frvw ri surgxflqj t￿ Dvvxph
dovr wkdw wklv lv d zhoo gh￿qhg vlqjoh0ydoxhg yhfwru pdsslqj/ wr pdnh wklqjv
vlpsohu1
Wkh iroorzlqj edodqfhg wd{ v|vwhp fdq qrz eh gh￿qhg= Iru ￿ ’ ￿c2c￿￿￿c6c
ohw ￿￿ETc3￿ ’ ￿
S&
o’￿ ^￿
oroc zkhuh ro lv wkh dprxqw ri wkh owk sxeolf jrrg
vxssolhg/ dqg ^￿
o wkh ￿wk frqvxphu*v shuvrqdol}hg sulfh iru wkh owk sxeolf
jrrg1 Dqg ohw j?ETc3￿’￿
S6
￿’￿￿￿ETc3￿ dqg j￿ETc3￿’f c iru doo ￿ 9’ ?￿
D Olqgdko htxloleulxp iru wklv hfrqrp| +zklfk h{lvwv xqghu wkh dvvxpswlrqv
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716 Htxloleulxp zlwk lqfuhdvlqj uhwxuqv wr vfdoh
Iroorzlqj wkh zrun ri Vfdui +4<;9,/ frqvlghu qrz d pdunhw hfrqrp| zlwk
d vlqjoh ￿up kdylqj surgxfwlrq vhw t ￿ U￿￿ Dvvxph wkdw wkhuh lv d jurxs
ri frpprglwlhv wkdw fdq eh lghqwl￿hg d sulrul dv sxuh lqsxwv1 Wkh vhw ri
frpprglw| lqglfhv U ’ i￿c2c￿￿￿c￿j lv sduwlwlrqhg lqwr wzr glvmrlqw vxevhwv/
Ug ’ i￿c2c￿￿￿c&jc iru vrph lqwhjhu &￿￿ cdqg U7 +lwv frpsohphqw,1 Zh
vkdoo uhihu wr jrrgv lq Ug dv fdslwdo jrrgv1 Frpprglwlhv lq U7 duh vwdqgdug
6Vhh Frufk￿q +4<<7, iru dq dqdo|vlv ri wkh gxdo fdvh lq zklfk sulfhv duh wdnhq dv wkh
sxeolf hqylurqphqw/ dqg txdolwlhv wdnh wkh uroh ri edodqflqj wkh pdunhwv1
46frpprglwlhv +l1h1 wkh| fdq eh frqvxpswlrq jrrgv/ lqsxwv dqg rxwsxwv,1 Lw lv
xvhixo wr zulwh surgxfwlrq sodqv lq wkh irup= ) ’ E@cM￿c zkhuh @ 5 ￿U&
n lv
d yhfwru ri fdslwdo jrrgv/ dqg M 5 U￿3& lv d yhfwru ri vwdqgdug frpprglwlhv1
Frqvlghu qrz=
Dvvxpswlrq 7 Iru hyhu| @￿ 5 ￿U&
n wkh vhw
￿E@
￿￿ ￿i M 5 U
￿3&￿ * E@cM￿ 5 t iru vrph @ ￿ @
￿j
lv frqyh{1
Wklv zhdnhqv wkh fodvvlfdo dvvxpswlrq ri frqyh{ surgxfwlrq vhwv1 Lw vd|v
wkdw iru dq| jlyhq yhfwru ri fdslwdo jrrgv @￿/ wkh surmhfwlrq rq U￿3& ri wkrvh
surgxfwlrq sodqv qrw xvlqj pruh fdslwdo jrrgv wkdq wkrvh lq @￿ lv d frqyh{
vhw1 Wklv doorzv xv wr lqwhusuhw wkhvh vshfldo lqsxwv dv w|shv ri ￿{hg fdslwdo
wkdw jlyh ulvh wr qrq0frqyh{lwlhv1 Revhuyh wkdw wklv dvvxpswlrq lv frpsdwleoh
zlwk wkh suhvhqfh ri ￿upv zlwk frqyh{ surgxfwlrq vhwv/ lqfuhdvlqj uhwxuqv wr
vfdoh/ vhw0xs frvwv ru 70vkdshg surgxfwlrq ixqfwlrqv1
Ohw /g 5 U&
n ghqrwh wkh lqlwldo hqgrzphqwv ri fdslwdo jrrgv/ dqg gh￿qh
~ dv iroorzv=
~ ’ i@ 5￿ U&
n * @ ￿ ￿/gj
Wkh vhw ~ ghvfulehv wkh ihdvleoh doorfdwlrqv ri wkh dydlodeoh fdslwdo jrrgv1
Gh￿qh t E@￿￿ dv wkh frqvwudlqhg surgxfwlrq vhw/ qdpho|/
t E@￿￿’i) ’ E@cM￿ 5 t zlwk @ ￿ @￿j￿
Jlyhq d sulfh yhfwru T 5U￿
n dqg d yhfwru ri fdslwdo jrrgv @￿c wkh ￿up
fkrrvhv d sur￿w pd{lpl}lqj surgxfwlrq sodq )W zlwklq lwv dwwdlqdeoh vhw ￿
wkdw lv/ lw vdwlv￿hv T)W ￿ T)c iru doo ) 5 t E@￿￿￿
Lw fdq eh vkrzq ^vhh Yloodu +4<<:,‘ wkdw xqghu dvvxpswlrqv 4/ 5/ +l, ri 7 dqg
8 dq htxloleulxp h{lvwv iru wklv hfrqrp|1 \hw wklv htxloleulxp pd| idlo wr eh
Sduhwr rswlpdo1 Lqghhg/ Vfdui +4<;9, vkrzv wkdw/ xqghu jhqhudo dvvxpswlrqv/
rqh fdq dozd|v ￿qg hfrqrplhv zlwk hpsw| fruhv xqohvv doo surgxfwlrq vhwv
duh frqyh{ frqhv1 D nh| hohphqw lq wkdw uhvxow lv wkh srvvlelolw| wkdw doo
frpprglwlhv duh frqvxphg1 Wklv mxvwl￿hv wkh iroorzlqj dvvxpswlrq=
Dvvxpswlrq 8 Fdslwdo jrrgv duh sxuh lqsxwv/ vr wkh| gr qrw hqwhu frqvxphuv* suhihu0
hqfhv ru ihdvleoh vhwv/ dqg dovr @ ￿ @￿ lpsolhv ￿E@￿￿ ￿ ￿E@￿￿1
Dvvxpswlrq 8 lpsolhv wkdw wkh rqo| 3W zklfk lv d fdqglgdwh iru d ydoxdwlrq
htxloleulxp lv wkdw fruuhvsrqglqj wr @ ’ ￿/g￿ Khqfh/ pdnlqj xvh ri wkh
h{lvwhqfh uhvxow phqwlrqhg deryh zh rewdlq=
47Wkhruhp 7 Ohw . eh dq hfrqrp| vdwlvi|lqj dvvxpswlrqv 4/ 5/ +l, ri 6/ 7
dqg 81 Wkhq wkhuh h{lvwv d ydoxdwlrq htxloleulxp zlwk A ’ Af1
Wklv htxloleulxp frqvlvwv ri d sulfh yhfwru dqg d ihdvleoh doorfdwlrq lq
zklfk doo djhqwv duh pd{lpl}lqj wkhlu sd|r￿ ixqfwlrqv zlwklq wkhlu ihdvleoh
vhwv1 Wkhvh ihdvleoh vhwv fruuhvsrqg wr exgjhw vhwv/ iru wkh fdvh ri frqvxphuv/
dqg wkh surgxfwlrq vhw vxemhfw wr dq lqsxw frqvwudlqw/ iru wkh ￿up1
Uhpdun 6 Yduldqwv ri wklv prgho fdq dffrpprgdwh sxeolf jrrgv/ dv vkrzq
lq Jlq￿v +4<<9,1 D jhqhudol}hg Olqgdko htxloleulxp +zklfk h{lvwv xqghu vxlw0
deoh dvvxpswlrqv, fruuhvsrqgv wr d ydoxdwlrq htxloleulxp1 Vhh dovr Yhjd0
Uhgrqgr +4<;:, iru d prgho zlwk erwk h{whuqdolwlhv dqg qrq0frqyh{lwlhv1
48UHIHUHQFHV
Duurz/ N1M1 ) Gheuhx/ J1 +4<87,/ H{lvwhqfh ri Htxloleulxp iru d Frp0
shwlwlyh Hfrqrp|/ Hfrqrphwulfd/ 55 = 598￿5<31
Ehujvwurp/ W1F1 +4<:3,/ D ￿Vfdqglqdyldq Frqvhqvxv￿ Vroxwlrq iru Hi0
￿flhqw Lqfrph Glvwulexwlrq dprqj Qrqpdohyrohqw Frqvxphuv/ Mrxuqdo ri
Hfrqrplf Wkhru|/ 5 = 6;606<;1
Frufk￿q/ O1 +4<<7,/ Il{hg Sulfhv dqg Txdolw| Vljqdov/ Pdwkhpdwlfdo
Vrfldo Vflhqfhv/ 5: = 7<08;1
Gheuhx/ J1 +4<85,/ D Vrfldo Htxloleulxp H{lvwhqfh Wkhruhp/ Surfhhg0
lqjv ri wkh Qdwlrqdo Dfdghp| ri Vflhqfhv/ 6; = ;;90;<61
Gldpdqwdudv/ G1 ) Jloohv1 U1S1 +4<<9,/ Wkh Sxuh Wkhru| ri Sxeolf Jrrgv=
H!flhqf|/ Ghfhqwudol}dwlrq dqg wkh Fruh/ Lqwhuqdwlrqdo Hfrqrplf Uh0
ylhz/ 6: = ;84￿;931
Gldpdqwdudv/ G1 ) Zlonlh/ V1 +4<<7,/ D Jhqhudol}dwlrq ri Ndqhnr*v Ud0
wlr Htxloleulxp wr Hfrqrplhv zlwk Sulydwh dqg Sxeolf Jrrgv/ Mrxuqdo ri
Hfrqrplf Wkhru|/ 95 = 7<<08451
Guº}h/ M1K1 ) Kdjhq/ N1 +4<:;,/ Fkrlfh ri Surgxfw Txdolw|= Htxloleulxp
dqg H!flhqf|/ Hfrqrphwulfd/ 79 = 7<608461
Jlq￿v/ P1 +4<<9,/ Fruh Vhohfwlrqv lq Hfrqrplhv zlwk Lqfuhdvlqj Uhwxuqv
dqg Sxeolf Jrrgv/ plphr/ Xqlyhuvlw| ri Dolfdqwh1
Kdpprqg/ S1 ) Yloodu/ D1 +4<<;,/ H!flhqf| zlwk Qrqfrqyh{lwlhv= H{0
whqglqj wkh ￿Vfdqglqdyldq Frqvhqvxv￿ Dssurdfkhv/ Wkh Vfdqglqdyldq
Mrxuqdo ri Hfrqrplfv/ yro1 433/ iruwkfrplqj1
Mrkdqvhq/ O1 +4<96,/ Vrph Qrwhv rq wkh Olqgdko Wkhru| ri Ghwhuplqdwlrq
ri Sxeolf H{shqglwxuhv/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 7 = 679068;1
Ndqhnr/ P1 +4<::,/ Wkh Udwlr Htxloleulxp dqg d Yrwlqj Jdph lq d Sxeolf
Jrrgv Hfrqrp|/ Mrxuqdo ri Hfrqrplf Wkhru|/ 49 = 45604691
Pdv0Frohoo/ D1 +4<;3,/ H!flhqf| dqg Ghfhqwudol}dwlrq lq wkh Sxuh Wkhru|
ri Sxeolf Jrrgv/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ <7 = 95809741
Pdv0Frohoo/ D1 ) Vloyhvwuh/ M1 +4<;<,/ Frvw0Vkduh Htxloleuld= D Olqgdkoldq
Dssurdfk/ Mrxuqdo ri Hfrqrplf Wkhru|/ 7: = 56<05891
49Vfdui/ K1 +4<;9,/ Qrwhv rq wkh Fruh ri d Surgxfwlyh Hfrqrp|/1 Fk1 54 lq
Z1 Kloghqeudqg ) D1 Pdv0Frohoo +Hgv1,/ Frqwulexwlrqv wr Pdwkhpdwlfdo
Hfrqrplfv1 Lq Krqru ri J￿udug Gheuhx/ Qruwk0Kroodqg/ Dpvwhugdp/
4<;91
Yhjd0Uhgrqgr/ I1 +4<;:,/ H!flhqf| dqg Qrqolqhdu Sulflqj lq Qrqfrqyh{
Hqylurqphqwv zlwk H{whuqdolwlhv= D Jhqhudol}dwlrq ri wkh Olqgdko Htxlole0
ulxp Frqfhsw/ Mrxuqdo ri Hfrqrplf Wkhru|/ 74 = 8709:1
Yloodu/ D1 +4<<:,/ Frpshwlwlyh Sulflqj lq Hfrqrplhv zlwk Qrqfrqyh{ Sur0
gxfwlrq Vhwv/ plphr/ Xqlyhuvlw| ri Dolfdqwh1
4: